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ABSTRACT

Fractional calculus represents a mathematical framework that has numerous
applications. In the context of optimization, it can be used to increase the performance
of gradient-based methods. However, when the direction of the first order integer
gradient is generalized using a fractional order, this approach may converge to a
different solution from the one obtained by the classical Steepest Descent Method,
making the application of this type of methodology complex. To solve this convergence
issue, this contribution aims to propose an adaptive approach in which the fractional
order is updated along the iterations so that at the end of the optimization process the
fractional order is equal to one. For this purpose, the adaptive fractional order is defined
from a new parameter, namely, the reduction rate. The results obtained with the
optimization of two mathematical functions demonstrate the potential of the proposed
methodology.

Keywords: Steepest Descent Method, Fractional Calculus, Fractional Order Update,
Optimization.

RESUMO

O célculo fracionario configura um conjunto de ferramentas matematicas que
apresentam inimeras aplicacdes. No contexto da otimizacdo, este pode ser empregado
para aumentar o desempenho de métodos baseados em gradiente. Todavia, quando a
direcdo do gradiente de primeira ordem inteira é generalizada por uma com ordem
fracionaria, essa abordagem pode convergir para uma solugéo diferente daquela obtida
pelo tradicional Método da Méaxima Descida, dificultando a aplicacdo deste tipo de
metodologia. Para resolver esse problema de convergéncia, a presente contribuigdo
tem por objetivo propor uma abordagem adaptativa em que a ordem fracionéria é
atualizada ao longo das iteracdes de forma que no final do processo de otimizagdo a
ordem fracionaria seja igual a unidade. Para essa finalidade, a ordem fracionéaria
adaptativa é definida a partir de um novo parametro, a saber, a taxa de reducéo. Os
resultados obtidos com a otimizacdo de duas funcdes mateméticas demonstram o
potencial da metodologia proposta.

Palavras-chave: Método da Méaxima Descida, Calculo Fracionério, Atualizagdo da
Ordem Fracionaria, Otimizacao.
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1. INTRODUCTION

The classical optimization methods are based on the use of information about the
search direction associated with the determination of step size to update the candidate
vector. In this context, there are two possibilities to increase the performance of these
methods in terms of convergence and computational cost. The first is to increase the
information about the search direction by using higher-order derivatives, or more information
about earlier steps. The second consists in the development of new strategies to
dynamically update the step size in each iteration (VANDERPLAATS, 1984; EDGAR et al.,
2001).

In terms of search direction, the main methods are based on the use of gradient vector,
and the Hessian matrix can be computed. In this scenario, the Steepest Descent Method
(SDM), which makes use of information about the gradient, is known as one of most used
approaches for solving optimization problems. This is due to its intuitive principle, simple
structure, and ease of implementation (VANDERPLAATS, 1984; EDGAR et al., 2001).
These characteristics allow applications in different fields of science, among which we can
mention: image noise elimination (PU et al., 2010), machine learning (LECUN et al., 2015),
control (REN et al., 2019), and system identification (GE et al., 2019).

As mentioned by Wei et al. (2020), SDM can present a zigzag behavior, as well as a
slow convergence in the neighborhoods of the optimal solution, which can affect its
performance, especially in more complex case studies. To overcome these disadvantages,
the development of approaches that associate fractional calculus to SDM have been
increasingly explored. The interest in this type of strategy is basically due to the change in
the dynamics of fractional differential models with the variation of the order inherent to these
models (LIMA et al., 2021). So, as the dynamics of a model is influenced by its fractional
order, why not use this principle to increase the convergence speed during an optimization
method?. Based on this concept, algorithms based on SDM and with fractional order can be
proposed (WEI et al., 2015; PU et al., 2015; LIU et al., 2020). However, Wei et al. (2015)
highlight that first-order optimization methods based on the fractional context may not
converge to the optimal solution, that is, varying the initial condition and the fractional order,
the problem may not converge to the best solution reported in the literature. According to
Wei et al. (2020) this is due to non-locality observed in fractional differential systems.
Consequently, in the optimization context, these approaches depend on design variable

vector, the initial condition and, obviously, the fractional order. Thus, it is not easy to
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guarantee that the fractional derivative in relation to the design variable vector is equal to
zero when compared with the original problem with integer order (WEI et al., 2015).

In this contribution, the aim is to increase the chance of convergence during the
application of Fractional Steepest Descent Method (FSDM), regardless of the fractional
order considered. In this case, the Fractional Steepest Descent Method with Self-Adaptive
Order (FSDM-0) is proposed. In this new strategy, the fractional order in FSDM is updated
during the iterative process by defining a parameter called reduction rate. This work is
structured as follows. A brief description of classical SDM (with integer order) is presented
in Section 2. The proposed methodology for updating the fractional order is described in
Section 3. The results obtained with the application of the proposed methodology in two
purely mathematical case studies are presented and discussed in Section 4. Finally, the last
section presents the conclusion and the proposal for future work.

2. STEEPEST DESCENT METHOD WITH INTEGER ORDER

To minimize an unconstrained multidimensional function f, basically two main lines of
research, namely, the classical (deterministic) and the heuristic (non-deterministic) can be
found. The first is based on Variational Calculus to update a candidate for solving the
optimization problem. The second is, generally, based on a population of candidates that is
updated based on information about the interaction between individuals that are part of that
population (EDGAR et al., 2001).

In general, methods based on information of derivatives consists of an iterative search
characterized by the determination of a search direction through the execution of a one-
dimensional search, and, consequently, obtaining the step size in this direction
(VANDERPLAATS, 1984). In the case of the SDM with integer order, the recurrence
relationship that characterizes this methodology is based on the following equation:

x? = x4 =V (F(xT) (1)

where x9 and x?-1 represent the design variables vector (or decision) at iterations g and
q — 1, respectively, and n is a scalar that gives the step size along the search direction
defined by the gradient of the functionf. In summary, the search towards the optimal value
is composed of two steps. The first consists in expressing the design variables vector from
the definition of the search direction, that is, using information about the gradient vector
Vf(x) at the point corresponding to g — 1. In the second step, by replacing the information

contained in Eqg. (1) in f, the search by the optimal solution becomes a one-dimensional
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search problem, where in each iteration an optimal scalarn (n*) is determined. This process

continues until a certain stopping criterion is satisfied.

3. METHODOLOGY

As mentioned earlier, the aim of this contribution is to propose an optimization strategy
in fractional context, where the fractional order is dynamically updated along the iterative
process. Next, the Fractional Steepest Descent Method (FSDM) and the Fractional Steepest
Descent Method with Self-Adaptive Order (FSDM-6) are proposed. To represent the
fractional contribution, the Caputo derivative (-d%F(x)) of a generic function F(x) with
relation to the independent variable x, is defined as (CAPUTO, 1999):

)

N 10
CdxF(")‘mof(x_t)y el

where T is the Gamma function andy is an integer, defined as y = [a] + 1, where [a] is the
integer part of the fractional order «a.

It is important to mention that the choice of this type of fractional derivative is due to
the memory effect by means of a convolution between the integer order derivative and a
power of time. In this case, the initial conditions for the fractional differential equations can
be handled by using an analogy with the classical case (ordinary derivative) (GOMEZ-
AGUILAR et al., 2012).

3.1 Fractional Steepest Descent Method (FSDM)
In general, the FSDM consist of replace the integer order in gradient used in the SDM

by an equivalent with fractional order (a), i.e.:
x4 =x171 =V f (217 ©)

In this case, as described for the integer order SDM, if the vector x? is replaced in
the original objective function, it becomes dependent on a, x?1, and n. Thus, the optimal
value for the step size (n*) can be computed from the simple application of the optimality
condition or from one of various techniqgues for the one-dimensional search
(VANDERPLAATS, 1984; EDGAR et al., 2001). With this optimal value, the vector x4 can
be updated according to Eq. (3) until a certain stopping criterion is not met. The iterative

procedure regarding the FSDM is described in Algorithm 1.
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Algorithm 1: Fractional Steepest Descent Method

Input: Information about the problem (number of design variables, objective function) and
method parameters (fraction order, initial estimative, strategy to update the size step,
stopping criterion, tolerance)

1 . Start of the optimization process:

2. Initialize the counter (q)

3. While the stopping criterion is not satisfied do

4

5

. Find the value of the (")
. Update the value of the design variables by using Eq. (3)
6.g=qg+1
7. End While
8. End
Output: Optimal solution and iterations number

3.2 Fractional Steepest Descent Method with Self-Adaptive Order (FSDM-0)

As mentioned earlier, employing a fractional derivative in the optimization context
implies the possibility of convergence to a solution that is not optimal, due to the non-locality
of fractional models (WEI et al., 2015, 2020). To increase the chance of the FSDM to
converge for an optimal solution, the FSDM-6 is proposed. In this new optimization strategy,
the fractional order (a) value is dynamically updated throughout during the optimization
process. In this case, at the end of optimization process, a tends to one, i.e., the fractional
derivative becomes one with integer order. It is important to highlight that this is imposed to
prevent the process from halting with an order other than one, which can make the process
converge to a point that is not the optimal solution, as mentioned by WEI et al. (2015, 2020).

For this purpose, the following criterion is defined:

q_ {1 +169)(a?t=-1), ifa>1
1+ 109|(1 — a9 1), otherwise 4)

where a? is the updated fractional order in function of the parameter 64, defined as being a
reduction rate in relation to the objective function. Mathematically, this can be represented

as:

09 = fq

fWOI‘St

®)

where f4 and f,,..: represent the values of the objective function at the g-th iteration and
considering an initial estimative previously defined, respectively.
In general, as the natural tendency for the value of the objective function is to be

reduced along the iterations (for a minimization problem), the value of the reduction rate is
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also reduced, taking the value of a to converge to one, i.e., at the end of optimization process
the value of the reduction rate tend to zero and the fractional derivative tend to one,
increasing the chance of an optimal solution to be obtained. The major advantage of this
approach is that it allows the reduction of the number of iterations while the optimal solution
can be found from an arbitrary value for a. The iterative procedure regarding the FSDM-0 is

presented in Algorithm 2.

Algorithm 2: Fractional Steepest Descent Method with Self-Adaptive Order
Input: Information about the problem (number of design variables, objective function) and
method parameters (fraction order, initial estimative, strategy to update the size step,
stopping criterion, tolerance)
1 . Start of the optimization process:
2. Initialize the counter (q)
3. While the stopping criterion is not satisfied do
4. Find the value of the (n*)
5. Update the value of the design variables by using Eq. (3)
6. Evaluate the value of the reduction rate by using Eq. (5)
7. Update the value of the fractional order by using Eq. (4)

8.g=qg+1
9. End While
10. End

Output: Optimal solution, iterations number, convergence rate, fractional order
along the evolutionary process

4. RESULTS AND DISCUSSION

To assess the proposed methodology (FSDM-8), two mathematical test cases are

considered. The obtained results are compared with those obtained by using the SDM with
integer order, the FSDM (with constant fractional order), and the Newton Method (NM). For
this purpose, the stopping criterion considered is the sum of the absolute error (in terms of
the design variables) less than a tolerance (107%), as well as the use of different initial

estimative to evaluate the number of iterations (n;.,) required for each approach.

4.1 Test Case 1
Consider an unconstrained minimization problem given by Edgar et al. (2001):

f ey x2) = xf — 32125 + 4x5 + % — X3 (6)

where x; and x, are the design variables and f is the objective function. This problem
presents an optimal solution equal to (x;,x,, f) = (—0,714283, —0,142856, —0,285714).
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Table 1 present the obtained results by using SDM, NM, FSDM, and FSDM-6

strategies considering different values for « (for the last two algorithms) and initial condition
(xf’),xéo)) = (4,4). In this table, it is possible to observe that, for different values of the

fractional order, the FSDM converge to a non-optimal solution. This result is in accordance
with Wei et al. (2015, 2020) and is due to the non-locality related to fractional models. On
the other hand, FSDM-6 was always able to converge to the optimal solution, i.e., by
employing a strategy for the dynamic update of the fractional order. Both SDM and NM
algorithms always converged for the optimal solution without any difficulty. In terms of the
number of iterations (n;..), as expected, NM presents the best performance due to the use
of information about the gradient vector and the Hessian matrix. However, when comparing
the SDM, FSDM, and FSDM-6 algorithms, it is observed that the proposed methodology
(FSDM-6) can lead to a reduction in the number of iterations, in relation to SDM, unlike
FSDM, in which not always the best tradeoff between convergence and number of iterations

is obtained.

Table 1: Results obtained considering the SDM, NM, FSDM and FSDM-@ strategies by
using different values for « in the first test case.

a X1 X2 f Miter

0.6 4925202 2.272114 13.988852 7

0.8 —0.711257 —0.144257 —0.285684 21

FSDM 1.0 —-0.714283 —0.142856 —0.285714 28
1.2 —-0.485301 —-0.060624 —0.262721 11

1.4 —-0.023211 0.149174 —0.072447 299

0.6 —0.714283 —0.142855 —0.285714 66

0.8 —0.714284 —0.142856 —0.285714 16

FSDM-6 1.0 —0.714283 —0.142856 —0.285714 28
1.2 —-0.714284 —0.142856 —0.285714 20

14 —0.714285 —0.142857 —0.285714 16

SDM — —0.714284 —-0.142856 —0.285714 28
NM — —0.714285 —0.142857 —0.285714 2

Figures 1(a,c,e) present the number of iterations required until convergence, in

relation to the fractional order in FSDM and FSDM-8, as well as its comparison with other
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required values by using SDM and NM considering different initial conditions: ( () xgo)) =

44, () = (1,1),and (2, x”) = (100,100).

‘ 1.4 1
——FSDM
80 —a=0,6
—~—FSDM-6 ‘ Can
a=0,8 108
O « that converges 5 121 a=1 »
60! O « that converges ° =12 &‘E
S 9 ——a=1,4 0.6 -
© g 1 — —a=06+ 2
240 9 —0=0,8 |y, S
SDM o a=1 * 3
i —a=1,2 x
0.8 ’
207 NG —~a=14 02
l\t\‘ ) | \\‘\\ — _—
R / A\, T
0= : : : ‘ 06— -~ = 0
0.6 0.8 1 1.2 14 2 4 6 8 10
Fractional Order Iteration
) ,.(0) (0) (0
(a)(x1 ,x2 ) (4,4) (b)(x1 , Xy ) (4,4)
1007 | 1
—s—FSDM —a=
——FSDM-# ! — =06 0.8
O a that converges ‘ a=0.8
O a that converges 3 a=1 i
g S asl2 0.6
5 © ——a=14 Y
g e &
o S ~—-a=08 E
2 5 e 045
= a=1 é
= ~-a=12
iy v\ TToesl4 02
l) 0.7 "‘ h—’e\%i_\q e D
| TN
; : ; ' 0.6L— . ~. ‘ 0
0.6 0.8 1 1.2 1.4 2 4 6 8 10
Fractional Order Iteration
0 .0y _ 0) .0y _
©(",%") = (1L1) (A" x”) = @D
I‘ 1.45 1
I o \
120 % —FSDM | a6 ok
100l |~ FSDM-f | 12 ——a=038 '
O «a that converges ‘l 'né a=1 g
g g0 O« that converges \ o “ras12 0.6%
g= | = —a=14 g
it ‘ g 1 —_——a a=0.6 o 2
S 60 g o= 3]
£ ‘\ g ---a=0.8 042
40 = o1 &
5-14“ 08¢t o>~ T a=1.2
20k W ,\vé?@/ & —a=14 0.2
0.6 0.8 I 12 1.4 06— 1 . s 10
Fractional Order Iteration
@) (x?,x{”) = (100,100) O (x?, x{”) = (100,100)

Figure 1: Convergence of the SDM, NM, FSDM, and FSDM-8 algorithms, fractional
order, and reduction rate variations in the FSDM-8 for the first test case.

In these figures, a similar behavior can be seen for the FSDM-6, i.e., this approach
was always able to find the best solution, regardless of the initial fractional order considered.

Furthermore, for values of a greater than, approximately, 0.7, the proposed approach was




DOI 10.18605/2175-7275/cereus.v13n4p235-247 LOBATO, F. S.; LIBOTTE, G. B.; PLATT, G. M.
Revista Cereus Optimization of Mathematical Functions Using Fractional Steepest
2021 Vol.13. N.4 Descent Method with Self-Adaptive Order

always able to, at least, equal the performance of the SDM in terms of the n;,... FSDM also
always converged to a solution, regardless of the values of a considered. However, as seen
in these figures, there were few times the FSDM converged to the optimal solution. In
relation to NM, the FSDM-6 strategy, as expected, always had the worst performance in
terms of the n;.. Despite this, it is possible to observe in these figures that there is an
optimal value for a that minimizes the number of iterations. Thus, even not using a second-
order optimization method, it seems that the proposed methodology has good potential.

In Figures 1(b,d,f) the fractional order and the reduction rate variation in the FSDM-6
algorithm for different initial conditions are shown. In these figures, it is observed that as the
optimization process progresses, the value of 8 tends to zero, which makes the value of a
tends to one, minimizing the chance of convergence to a value different from the optimal
one. It is important to emphasize that, for the proposed equation (see Eq. (4)), the value of
a, even starting from a value smaller than one, soon assumes a value greater than one,

which is, throughout the optimization process, directed to the integer order.

4.2 Test Case 2
The second application also considers an unconstrained minimization problem given
by Edgar et al.(2001):

fxy, %) = 5x% + x2 + 2xyx, — 12x; — 4x, + 8 7)

where x; and x, are the design variables and f is the objective function. This problem
presents an optimal solution equal to (x;, x5, f) = (1,1,0).

Table 2 presents the obtained results by using SDM, NM, FSDM, and FSDM-6
strategies considering different values for a (for the last two algorithms) and initial condition

(x§°),x§°)) = (10,10). As observed in the previous test case, FSDM converges to a non-

optimal solution, except for a equal to one. On the other hand, the remaining algorithms
(FSDM-6, SDM and NM) converged to the optimal solution. In terms of the number of
iterations (ny..), as expected, NM presents the best performance. However, when
comparing FSDM and FSDM-6, it is observed that, although the proposed methodology
presents higher values for the number of iterations in comparison with FSDM, it always
converged to the optimal solution.
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Table 2: Results obtained considering the SDM, NM, FSDM, and FSDM-@ strategies by
using different values for « in the second test case.

a X1 X2 f Niter
0.6 0.899630 1.488201 0.190709 5
0.8 0930197 1.541759 0.242232 13
FSDM 1.0 0.999999 1.000000 0.000000 10
1.2 1.024931 0.884773 0.010639 37
14 0.814318 1.683908 0.386139 6

0.6 1.000000 0.999999 0.000000 8

0.8 0.999999 0.999999 0.000000 8

FSDM-6 1.0 1.000000 1.000000 0.000000 10
1.2 0.999999 1.000000 0.000000 6

1.4 1.000000 1.000000 0.000000 12

SDM — 0.999999 0.999999 0.000000 5

NM — 0.999999 0.999999 0.000000 2

In Figures 2(a,c,e) the convergence analysis of the FSDM and FSDM-6 algorithms
are presented, as well as their comparison with the values required by SDM and NM
considering different initial conditions. In these figures, we can observe that the proposed
methodology always converged to the optimal solution. Despite this, depending on the
fractional order and the initial estimate, FSDM-6 can result in a higher number of iterations
compared to SDM and FSDM, which presents difficulties in converging to the optimal
solution. As expected, the NM always presented the best performance in terms of the
number of iterations. However, it is possible to see in Figure 2(a,c,e) that there is an optimal
value for a so that the number of iterations can be minimized, i.e., the computational cost
can be reduced in comparison with NM. In terms of the reduction rate and the fractional
order, as seen in Figures 2(b,d,f), there is a similar behavior in relation to the first case study,
i.e., the value of 8 tends to zero and, consequently, the value of «a is close to one. As
mentioned earlier, this characteristic allows that, at the end of the optimization process, the
fractional derivative become an integer value, ensuring that the optimizer always converges

to the optimal solution.
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Figure 2: Convergence of the SDM, NM, FSDM, and FSDM-6 algorithms, fractional
order, and reduction rate variations in the FSDM-0 for the second test case.

5. CONCLUSIONS

In this work, an approach for the dynamic update of the fractional order applied to the
Steepest Descent Method was presented. This new approach, called the Fractional
Steepest Descent Method with Self-Adaptive Order (FSDM-8), is based on the definition of

the reduction rate to update the fractional order. The results obtained with the application of
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FSDM-6 in two mathematical functions demonstrate that the proposed methodology has the
potential to improve the performance of FSDM, both in terms of convergence and number
of iterations. In this case, these characteristics can be improved in relation to the classical
Newton Method without, necessarily, computing the Hessian matrix.

As proposals for future works, we intend to test this methodology in problems with
constraints and other characteristics, assess other fractional derivative types, as well as
their numerical approximations, and propose other strategies for updating the fractional
order.
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